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Queueing theory provides useful analytical model to plan and analyze the system performance.

The stochastic network calculus (SNC) offers stochastic service guarantee, i.e., a service is guaranteed 
with a probability.

Some requests may violate the constraint

Stochastic Network Calculus



Min-Plus Algebra



Arrivals Envelope
• Let A  be the cumulative arrivals flow. For any times 0 ≤ s ≤ t, 

• The deterministic envelope cannot take advantage of the statistical nature of traffic  

• Solution: introducing the Moment Generating Function (MGF)

൧𝑀𝐴(𝜃, 𝑡 − 𝜏) = 𝐸[𝑒 )𝜃𝐴(𝜏,𝑡

𝐴 𝑡 − 𝐴(𝑠) ≤ 𝜌(𝑡 − 𝑠)+b

• MGF envelope
𝐸 𝑒 )𝜃𝐴(𝜏,𝑡 ≤ 𝑒𝜃 ρ(𝑡−𝜏)+𝜎

)



Service Envelope

• A service element has the input-output pair A and B. 

• The service element provides a service curve

• A deterministic definition of service envelope for all t ≥τ ≥ 0 is

S(τ, t)  ≥  ρ(t − τ ) − b

𝐵 𝑡 − 𝐴(𝑠) ≥ 𝑈(𝑡 − 𝑠)

• An envelope of the MGF can be defined for θ ≥ 0 as

𝐸 𝑒 )−𝜃𝑆(𝜏,𝑡 ≤ 𝑒−𝜃 ρ 𝑡−𝜏 −𝜎



Service Envelope

• Statistical service envelopes can be represented by the Exponentially 

Bounded Fluctuation (EBF) model with parameters ρ > 0, b ≥ 0 as

)𝑃[𝑆 𝜏, 𝑡 > 𝜌 𝑡 − 𝜏 − 𝑏] ≤ 𝜀(𝑏

𝜀 𝑏 = 𝛼𝑒−𝜃𝑏 ≜ 𝑒𝜃σ𝑒−𝜃𝑏

• By exploiting the following law

൧𝑃[𝑋 ≤ 𝑥] ≤ 𝑒𝜃𝑥𝐸[𝑒−𝜃𝑋

• We have

𝜀 𝑏 = 𝑒𝜃𝜎𝑒−𝜃𝑏

)𝑃[S 𝜏, 𝑡 > 𝜌 𝑡 − 𝜏 − 𝑏] ≤ 𝜀(𝑏

)𝑃[∃𝜏 ∈ 0, 𝑡 : S 𝜏, 𝑡 > 𝜌′ 𝑡 − 𝜏 − 𝑏] ≤ 𝜀′(𝑏



Service Envelope

• By the union bound

• We have

Let ρ’= ρ - δ.

𝑃[∃𝑖: 𝑋𝑖 ≥ 𝑥] ≤ ∑𝑖𝑃[𝑋𝑖 ≥ 𝑥]

]𝑃[∃𝜏 ∈ 0, 𝑡 : S 𝜏, 𝑡 > 𝜌′ 𝑡 − 𝜏 − 𝑏

≤

𝜏=0

𝑡

𝑒𝜃𝜎𝑒 )−𝜃(𝑏+𝛿(𝑡−𝜏)

≤ 𝑒𝜃𝜎𝑒−𝜃𝑏

𝜏=0

∞

𝑒−𝜃𝛿𝜏

=
𝑒𝜃𝜎𝑒−𝜃𝑏

1 − 𝑒−𝜃𝛿
= 𝜀′(𝑏)

where θ > 0 and δ > 0 are free 
parameters that can be optimized.

• We obtain the relationship between the θ, σ, ε’, δ and b.

)𝑃[𝑆 𝜏, 𝑡 > 𝜌 𝑡 − 𝜏 − 𝑏] ≤ 𝜀(𝑏

𝜀 𝑏 = 𝛼𝑒−𝜃𝑏 ≜ 𝑒𝜃σ𝑒−𝜃𝑏



Backlog and Delay Bound
• Consider arrivals with envelope

• Consider service with envelope

𝐴(𝜏, 𝑡) ≤ 𝜌′𝐴(𝑡 − 𝜏) + 𝑏𝐴

𝑆(𝜏, 𝑡) ≥ 𝜌′𝑆(𝑡 − 𝜏) + 𝑏𝑆

• Backlog bound 𝐵 𝑡 ≤ 𝐴 𝑡 ⊘ 𝑆 𝑡 = max
]𝜏∈[0,𝑡
{𝐴(𝜏, 𝑡) − 𝑆(𝜏, 𝑡)}.

𝑏 = 𝑏𝐴 + 𝑏𝑆
𝜌𝐴 + 𝛿

𝜌𝑆 − 𝛿

𝑊(𝑡) ≤ min 𝜔 ≥ 0: max
]𝜏∈[0,𝑡
{𝐴(𝜏, 𝑡) − 𝑆(𝜏, 𝑡 + 𝜔)} ≤ 0 𝜔 =

𝑏𝐴 + 𝑏𝑆
𝜌𝑆 − 𝛿

𝑏 = max
]𝜏∈[0,𝑡
{𝜌′𝐴(𝑡 − 𝜏) + 𝑏𝐴 − 𝜌′𝑆(𝑡 − 𝜏) − 𝑏𝑆 +}.

𝑃[𝐵(𝑡) > 𝑏] ≤ 𝜀′𝐴(𝑏𝐴) + 𝜀′𝑆(𝑏𝑆) = 𝜀′

• Delay bound

𝑏𝐴 = 𝜎𝐴 −
1

𝜃
ln

𝜀′

2
+ ln 1 − 𝑒−𝜃𝛿

𝑏𝑆 = 𝑛𝜎𝑆 −
1

𝜃
ln

𝜀′

2
+ 𝑛ln 1 − 𝑒−𝜃𝛿



Tandem Systems

• The whole system has the service curve



Tandem Systems

T h e  M G F  o f  t h e  m i n - p l u s  c o n v o l u t i o n  o f  t w o  s t a t i s t i c a l l y  i n d e p e n d e n t  a n d  

s t a t i o n a r y  s e r v i c e  p r o c e s s e s  i s  g i v e n  b y

𝐸 𝑒 )−𝜃(𝑆1⊗𝑆2)(𝜏,𝑡 = 𝐸 𝑒 ൟ−𝜃min ]𝑣∈[𝜏,𝑡 {𝑆1(𝜏,𝑣)+𝑆2(𝑣,𝑡)

≤

𝑣=𝜏

𝑡

𝐸 𝑒 )−𝜃𝑆1(𝜏,𝑣 𝐸 𝑒 )−𝜃𝑆2(𝑣,𝑡

= 

𝑣=0

𝑡−𝜏

൯𝑀𝑆1(−𝜃, 𝑣)𝑀𝑆2(−𝜃, 𝑡 − 𝜏 − 𝑣

൯= 𝑀𝑆1 ∗ 𝑀𝑆2(−𝜃, 𝑡 − 𝜏



Tandem Systems

T h e  M G F  o f  t h e  s e r v i c e  p r o c e s s  o f  a n  n  n o d e s  n e t w o r k  

f o l l o w s  t h e  r u l e

൯𝑀𝑆𝑛𝑒𝑡(−𝜃, 𝑡) ≤ 𝑀𝑆1 ∗ 𝑀𝑆2 ∗. . .∗ 𝑀𝑆𝑛(−𝜃, 𝑡

= 

𝜏𝑖≥0:𝑖=1

𝑛
𝜏𝑖=𝑡

൯𝑀𝑆1(−𝜃, 𝜏1)𝑀𝑆2(−𝜃, 𝜏2). . . 𝑀𝑆𝑛(−𝜃, 𝜏𝑛



THANK YOU!

We are impatient to work with you. We always welcome applications from visiting scholars at all

levels (students, faculty, postdocs) who are interested to spend some time in our lab and get

involved in our ongoing research activities.


